Molecular-based numerical schemes, such as the direct simulation Monte Carlo (DSMC) method, are more physically appropriate for rarefied gas flows in microelectromechanical systems (MEMS). It is difficult for them to be statistically convergent, however, because the statistical fluctuation becomes insurmountably large at the low Mach numbers that are characteristic of MEMS. An information preservation (IP) technique is proposed to address this issue. This technique assigns each simulated molecule in the DSMC method two velocities. One is the molecular velocity used to compute the molecular motion following the same steps as the DSMC method. The other is called information velocity. It corresponds to the collective velocity of an enormous number of real molecules that the simulated molecule represents. Using the information velocity to compute macroscopic velocity and shear stress may remove the statistical fluctuation source inherent in the DSMC method that results from the randomness of the thermal velocity. The IP technique has been applied to benchmark problems, namely Couette, Poiseuille, and Rayleigh flows, in the entire Knudsen regime. The characteristic velocities in these flows range from 0.01 to 1 m/s, much smaller than the thermal velocity of about 340 m/s at room temperature. The meaningful results are obtained at a sample size of 10 3 -10 4 , in comparison with a sample size of 10 8 or more required for the DSMC method at such a range of flow velocity. This results in a tremendous gain in CPU time. The velocity distributions, surface shear stress, and mass flux given by the IP calculations compare quite well with exact solutions at the continuum and free molecular limits, and with the numerical solutions of the linearized Boltzmann equation and experimental data in the transition regime.
INTRODUCTION
Advances in micromachining technology have allowed successful fabrication of many microelectromechanical systems (MEMS). The characteristic size of MEMS ranges from submillimeter to submicrometer. This provides a tool with wide applications to observe, measure, and control a new world [1] . In the small-scale world, noncontinuum, rarefied gas flow phenomena become prevalent, which may make MEMS behave quite differently from their counterparts in macroscopic machinery.
To understand this kind of flow, basic experiments have been carried out, for example, those on microchannel gas flows [2] [3] [4] [5] [6] [7] [8] [9] [10] . The typical channel dimensions were about one micrometer high by several tens of micrometers wide by several thousands of micrometers long. The flow was driven by the pressure difference between the inlet and the outlet, with a velocity of about 0.2 m/s. The measured mass flux was higher than the Navier-Stokes (N-S) solution based on nonslip boundary condition [2] [3] [4] [5] [6] [7] [8] [9] [10] . When the slip velocity
was introduced along the microchannel surfaces, and the tangential momentum accommodation coefficient σ was properly chosen, the N-S solution became in agreement with experiment [8, 9] , where λ is the molecular mean free path, and du dn | s denotes the normal velocity gradient at the surfaces. As the noncontinuum effect increases further, kinetic theory indicates that the N-S equations become invalid. This is also verified by microchannel experiment [9] : A significant discrepancy between the slope of the measured and slip Navier-Stokes flow conductances is found as the outlet pressure of helium flows decreases.
Molecular-based schemes are more physically appropriate for rarefied gas flows. The most popular approach is the direct simulation Monte Carlo (DSMC) technique that was developed and popularized in the context of hypersonic aerospace applications [11] . Some researchers have applied it to microchannel flows [12] [13] [14] [15] and have found it very difficult to obtain statistically convergent results under experimental conditions of interest in MEMS [2] [3] [4] [5] [6] [7] [8] [9] [10] . Unlike hypersonic problems, microdevices often operate at low or moderate Mach numbers, which are characterized by a small ratio of macroscopic to thermal velocity. Because the statistical scatter inherent in DSMC decreases with the inverse square root of the sample size, an extremely large sample size is required to reduce it to a level that is small in comparison with the macroscopic velocity. This makes DSMC simulation of MEMS flows extremely time-consuming. Actually such a simulation is beyond the capabilities of current computers [13, 15] .
An information preservation (IP) technique has been proposed to address this issue [16] . It assigns each simulated molecule in the DSMC method two velocities. One is the thermal velocity used to compute molecular motion following the same steps as the DSMC method. The other is called information velocity; it corresponds to the collective velocity of the enormous number of real molecules that the simulated molecule represents. Macroscopic velocity and shear stress are computed from the information velocity to remove the statistical scatter source inherent in the DSMC method due to the randomness of the thermal velocity. A preliminary study [16] showed that the IP technique was highly effective in reducing the statistical scatter.
In this paper, the IP technique will be systematically studied. First, the statistical fluctuation inherent in the DSMC method will be analyzed. Second, the IP technique will be described, and molecular collision diameters in accordance with the IP technique will be computed using experimental data on viscosity coefficients. Next, the IP method will be applied to benchmark problems. Finally, conclusions will be given.
STATISTICAL SCATTER INHERENT IN THE DSMC METHOD
As with most molecular-based numerical methods, the DSMC method suffers from statistical scatter. Scatter is generally regarded as the most serious practical and theoretical difficulty associated with this method. As pointed out by many researchers [12] [13] [14] [15] , such a difficulty becomes insurmountable for low-speed flows.
To clarify this fact, let us look at how the DSMC method computes macroscopic velocity U in a cell. Consider a uniform flow with velocity u k ; then
where N is the sample size of simulated molecules in the cell, and c k is the molecular velocity. According to kinetic theory, c k consists of two parts: the thermal part c t,k and the macroscopic part u k . The expression c t,k is random and obeys a Maxwellian distribution in an equilibrium gas. The DSMC method stores c k in a computer and uses it to compute both the molecular trajectory and U . Note that there is an explicit term The order of this statistical scatter source is easily estimated through an actual DSMC simulation. Consider a stationary homogeneous argon gas at temperature of 273 K. The values of macroscopic velocity given by the DSMC method in 100 independent runs, because of the existence of the scatter source, fluctuate around the exact value of zero. The x components of the values against the sample sizes are partly given in Table I . For example, the absolute maximum σ max at a sample size of 2 × 10 6 is 0.5301 m/s. This is unacceptable for many low-speed applications such as microchannel flows where the inflow velocity in experiments [4] [5] [6] [7] [8] [9] [10] was about 0.2 m/s. Further increasing the sample size is beyond the capabilities of current computers, particularly for multidimensional flows.
INFORMATION PRESERVATION METHOD
The IP technique assigns each simulated molecule in the DSMC method two velocities. One is the molecular velocity (i.e., c k ), used to compute molecular motion following the same steps as the DSMC method. The other is called information velocity; this is the collective velocity of the enormous number of real molecules that the single simulated molecule represents, and therefore corresponds to u k . The term information velocity was invented to distinguish it from macroscopic velocity, which is understood as an average of molecular velocities over real molecules represented by many simulated molecules in the DSMC method. The IP technique employs the information velocity to compute the macroscopic velocity, (2) is removed in the IP formula (3). For a uniform flow, the macroscopic velocity calculated using (3) is the exact value of u k at any sample size. Since the collective information propagates directly through molecular motion, a correct transport rate is expected over the entire Knudsen regime.
An implementation of the IP method can be summarized as follows:
(1) Assign simulated molecules an information velocity u k and molecular velocity c k .
(2) Set the initial value of u k to be the initial flow velocity. (3) Move the molecules using c k with the same algorithms and models as the DSMC method that have been described in detail in Ref. [11] .
(4) In a time step t, u k may be changed as a result of the following causes: (4a) Impact with a wall. Set the reflected information velocity in accordance with the statistical behavior of an enormous number of real molecules. For example, it is equal to the wall velocity for a diffusely reflecting surface.
(4b) Entry into the computational domain from the boundaries. Set the information velocity in accordance with the boundary conditions.
(4c) Acceleration by external forces acting on a cell,
where F is the sum of the external forces, and ρ and V are the density and volume of the cell, respectively. The acceleration will contribute a velocity increment a · t to every simulated molecule within the cell.
(4d) Collision with other particles. A simple scheme satisfying momentum conservation is employed to distribute postcollision information velocities of two simulated particles,
where superscripts * and denote pre-and postcollision, respectively. An alternative scheme is to keep the information velocities unchanged during the collision process. Both schemes were tested in simulation of Couette, Poiseuille, and Rayleigh flows, and both gave identical results. This is easily understood because the scattering of the thermal velocities during the collision process is isotropic in the center of mass frame of reference according to the variable hard sphere (VHS) model [11, 17] , which is used to describe the interaction between simulated particles. Such an isotropic scattering makes schemes that satisfy the momentum conservation the same in a statistical sense. (5) Compute macroscopic quantities using the information quantities. The shear stress on a surface element with area A w during a sampling interval t s is equal to
where N w is the number of molecules hitting the element during t s , subscript τ denotes the tangential direction of the element, and superscripts in and re denote the values before and after striking the element, respectively. The macroscopic velocity in a cell is an arithmetic mean of all sampling information velocities during t s and is obtained using Eq. (3). (6) For steady flows, repeat steps 3 and 4 until the flow reaches a steady state. Then repeat steps 3-5 to sample and obtain the macroscopic velocity distribution and shear stress. For unsteady flows, repeat steps 2-5 over the evolution period to obtain the macroscopic quantities period through ensemble average.
MOLECULAR COLLISION DIAMETERS
Molecular interaction is usually weakly attractive at a large distance and strongly repulsive at a short distance. An approximation is to take it into account only when the distance decreases to a finite cutoff value that is defined as molecular collision diameter. It is known that, to obtain accurate information from kinetic analysis and calculation, collision diameters must be chosen to give agreement between kinetic and experimental data for some basic quantity, such as viscosity coefficient [18] . Therefore, they are not universal but depend on molecular interaction models. For instance, the collision diameters given by the variable hard sphere (VHS) model [17] and by the variable soft sphere model [19] , which are often employed in DSMC calculations, are different.
The IP technique computes postcollision information velocities according to Eq. (5), whereas the DSMC method distributes them along with the thermal velocities. This difference between the molecular interactions may make the collision diameters in accordance with the DSMC and IP methods slightly different. A procedure to determine the collision diameters in accordance with IP using experimental data on viscosity is given in Appendix A.
The hard sphere model assumes that the collision diameter of a molecule is a constant and the scattering from molecular collision is isotropic in the center of mass frame of reference. It is often employed in kinetic studies [11, 18, [20] [21] [22] [23] . The procedure given in Appendix A has been applied to compute IP collision diameters d HS under this model. The values for five common gases (He, Ar, N 2 , O 2 , and CO 2 ) obtained using experimental data on the coefficients of viscosity at 273 K [18] are given in Table II . The corresponding shear stress distributions along the y direction in the upper half channel of the Couette flow are given [18] . Coefficients of viscosity in the hard sphere model are proportional to the temperature to the power of 0.5. For real gases, however, the power ω often significantly differs from 0.5. (The values of ω for many gases were given in Table 14 in [18] , and those for He, Ar, N 2 , O 2 , and CO 2 are included in Table II .) To match this real-gas characteristic, the VHS model was introduced [17] . It assumes that the scattering from molecular collision is isotropic in the center of mass frame of reference, whereas the collision diameter is a function of the relative velocity c r , Table IV . It is seen that the shear stress increases as the temperature increases. This is easily understood because larger thermal velocities at higher temperatures accelerate the frequency of momentum exchange between the gas and the plates. Figure 1 compares the relations of coefficient of viscosity of helium to temperatures given by the IP method, theory, and experiment [18] , which agree quite well.
FIG. 1.
Relation of viscosity coefficient of He versus temperature given by the IP method, theory, and experiment.
UNIDIRECTIONAL FLOWS
Consider three typical unidirectional flows, namely, Couette, Poiseuille, and Rayleigh flows. They cover the most fundamental and important mechanisms that control a number of flows in MEMS applications. Because of the clear mechanisms, any drawbacks, if associated with a new method, will be easily found. Therefore, they have been widely used as benchmark problems to test and verify new analytical and numerical methods. Exact solutions are available at the continuum and free molecular limits for these flows, and there are analytical or numerical solutions of the linearized Boltzmann equation in the transition regime [20] [21] [22] [23] .
The linearized Boltzmann equation was analytically or numerically solved under the following assumptions [20] [21] [22] [23] : (1) the gas molecules are hard spheres with uniform size and undergo complete elastic collisions between themselves; (2) the plate surfaces are diffusely reflecting; and (3) the disturbances are so small that the Boltzmann equation and boundary conditions may be linearized around an equilibrium state at rest. The IP simulated conditions are chosen to be consistent with these assumptions. The simulated gas is argon with temperature and pressure of 273 K and 0.01 atm, respectively. The hard sphere model is employed to describe molecular interaction. The plate surfaces are assumed to be diffusely reflecting, with the same temperature as the gas. The plate velocity u w is 0.2 m/s for the Couette flow and 1 m/s for the Rayleigh flow. The pressure distribution along the x direction for the Poiseuille flow is the same as that used in numerically solving the linearized Boltzmann equation [21] ,
The 
Couette Flow
The Couette flow is a steady flow that is driven by the surface shear stresses of two infinite and parallel plates moving oppositely along their own planes (Fig. 2) . The Knudsen number is defined as K n = λ HS / h, where h is the distance between the plates and λ HS is the mean free path, which is about 6.36 × 10 −6 m under the present conditions (0.01 atm and 273 K).
The IP simulation starts from a stationary uniform flow field. The computational parameters are given in Table V , where N m is the total number of simulated molecules, N c is the number of cells, and is the cell size. When the flow evolves and reaches a steady state, the code starts to sample. The macroscopic velocity and surface shear stress are obtained according to step 5 in Section 3.
In the transition regime, three Knudsen numbers are considered: 0. 
the velocity distribution across the channel given by the Navier-Stokes equation is
For the diffusely reflecting surfaces, the tangential momentum accommodation coefficient σ is equal to 1. Boltzmann equation [20, 21] , and Eq. (10) . The velocity at the channel surface (y/ h = 0.5) significantly decreases as Kn increases. The IP profiles are in excellent agreement with the numerical solutions of the linearized Boltzmann equation [21] , which are more accurate than the four-moment solutions based on the second approximation [20] . The slip N-S profiles agree with the other three at K n = 0.2/ √ π, but deviate from them as Kn increases. In the continuum regime (K n = 0.01), the IP and slip N-S velocity profiles compare quite well; e.g., the gas velocities at the surfaces given by the IP method and model (9) are ±0.9791u w and ±0.9804u w , respectively. In the free molecular regime (K n = 100), the gas velocity adjacent to the plate surfaces is only about 3% of u w . Such a discontinuity is a typical phenomenon of very large Knudsen flows. During a time step of 0.3λ HS /ν m , the average number of a simulated molecule colliding with the lower and upper plates is about 33. This means that the information velocity of a certain simulated molecule frequently leaps from −u w to u w , or vice versa. The value at the sampling moment, i.e., at the end of the time step, is subject to the final collision that occurs at the lower or upper plate. The thermal velocity plays a role in such a process and therefore results in a statistical fluctuation. To reduce this fluctuation, 4 × 10 4 sampling time steps are employed in simulating the K n = 100 case, much larger than 200 for the continuum case and 2000 for the transitional cases. Figure 4 compares the relation of the surface shear stress versus the Knudsen number given by various methods. The normalization factor is the collisionless solution τ FM = ρν m u w / √ π. The IP results agree quite with the exact solution in the free molecular regime, with the numerical Boltzmann solution [21] in the transition regime, and with the slip Navier-Stokes solution (σ = 1)
in the continuum regime.
Poiseuille Flow
The plane Poiseuiile flow is a steady flow confined between two stationary infinite and parallel plates and is driven by a pressure gradient parallel to the plates (Fig. 5) . The IP simulation starts from a uniform flow field. The acceleration that results from the pressure distribution (8) is a = αp o /ρh. During each time step t, the x-components of both information and thermal velocities of simulated molecules obtain a velocity increment a t. Using the ideal gas equation of state, we have
where t * = ν m t/λ HS , and Kn has the same definition as in the Couette flow. On the other hand, the molecules are retarded when they collide with the stationary plates that are assumed to be diffusely reflecting: The information velocities become zero, while the molecular velocities are computed according to a Maxwellian distribution. The flow evolves and reaches a steady state when the acceleration and retardation are in balance. Figure 6 shows the relation of the mass flux Q M with the Knudsen number given by the IP method, the linearized Boltzmann equation [22] , experiment [24] , and the N-S equation with the slip boundary condition (1) . Q M has been normalized by ρu * h, with u * = αν m .
The comparison of the IP mass flux with the numerical Boltzmann solution [22] and the experimental data [24] in the transition and near free molecular regimes is satisfactory. The slip Navier-Stokes mass flux (σ = 1),
FIG . 6 . Relation of the normalized mass flux versus Knudsen number for the Poiseuille flow. The 1st, 14th, and 18th experimental data from the small K n side are for air, 2nd, 3rd, 7th, 10th, 13th, and 15th data for CO 2 , 4th, 8th, and 9th data for He, 5th, 11th, and 16th data for H 2 , and 6th, 12th, 17th, and 19th data for feron-12.
agrees well with the IP results, as the Knudsen number is less than 0.05. There is a minimum mass flux at some intermediate Knudsen number. This minimum was first observed experimentally by Knudsen [25] and therefore is often referred to as the Knudsen minimum or the Knudsen paradox. The existence of such a minimum may be theoretically proven. The Navier-Stokes solution (13) shows that in the continuum regime the mass flux decreases as the Knudsen number increases, while the free molecular theory indicates that the mass flux through a duct with a finite length L is proportional to the logarithm of L/ h [26] . Hence, the free molecular mass flux at a large enough L/ h will be higher than the continuum solution at a small but nonzero Kn. Therefore, the minimum inevitably appears at some intermediate Kn. The confirmation by the present IP calculation of the Knudsen minimum and its excellent agreement with the exact numerical solution of the linearized Boltzmann equation and experimental data near this minimum show clearly the fitness of the IP technique in predicting fine flow characteristics in the transition regime.
Figures 7a-7c show the velocity profiles obtained using the IP method, the linearized Boltzmann equation [22] , and the slip Navier 
FIG. 8.
Comparison of IP and slip N-S velocity profiles in the continuum regime (K n = 0.01) for the Poiseuille flow.
solution [22] . The slip N-S solution (σ = 1)
deviates from the two others as Kn increases. Figure 8 compares the IP and slip N-S velocity profiles at K n = 0.01, which agree with each other. Figure 9 shows the IP velocity profile at K n = 100. There is a velocity discontinuity between the plate surfaces and the adjacent gas as expected. The number of sampling time steps is 500 for the Knudsen 0.01 case, 5000 for the transitional flows, and 2 × 10 5 for the Knudsen 100 case to reduce the statistical scatter caused by the frequent leaps of the simulated molecules between the lower and upper plates.
Rayleigh Flow
In the Rayleigh flow, the stationary plate acquires a velocity of u w in the x direction at the initial time (t = 0). This impulsive motion of the plate induces an unsteady gas flow   FIG. 9 . IP velocity profile in the free molecular regime (K n = 100) for the Poiseuille flow. ( Fig. 10) . The ensemble average is employed in IP simulation of the unsteady process. The computational domain is between the plate surface and an outer boundary. The specularly reflecting condition is applied to the outer boundary. It is chosen far away from the plate to avoid possible backward disturbance to the gas motion near the plate. The computational parameters are given in Table VI , where N s is the sampling interval of time step.
For a time much less than the mean collision time τ o (= λ HS /ν m ), few collisions take place. The situation is close to the free molecular flow that has the velocity distribution
where erfc denotes the complementary error function. For a time much longer than the mean collision time, so many collisions take place that the flow can be described by the Navier-Stokes equations. With a slip boundary condition
the Navier-Stokes velocity solution may be written as [27] 
where a o = 5 √ π/16, y * = y/λ HS , and t * = t/τ c .
The linearized Boltzmann equation has been solved using the four-moment method for two special cases [23] . The solution may be written as for a short time (t τ c ), and
for a long time (t τ c ), where
, and S(z) is a step function that is equal to 0 and 1 for z < 0 and z > 0, respectively. Figure 11 compares the velocity profiles at t = 0.01τ c given by the IP method and Eqs. (15) and (18) . The IP profile compares very well with the exact solution (15) of the collisionless theory. The four-moment profile is seen as discontinuous, and the part not shown slightly increases from −5.9(y * = 0.0031) to −5.7(y * = 0.0125). This discontinuity is not physically reasonable. Figure 12 compares the velocity profiles at t = 100τ c given by the IP method and Eqs. (17) and (19) . The IP and slip N-S profiles are in excellent agreement, and the four-moment profile slightly differs from them. The difference between the four-moment solutions and exact solutions and the IP results may be caused by the poverty of the first approximation,
FIG. 12.
Comparison of IP and theoretical velocity profiles at the continuum limit for the Rayleigh flow. which was the only approximation employed in the analysis [23] . In fact, the first approximation solution for the Couette flow was found to deviate significantly from the second and third approximation solutions [20] .
For a time comparable with the mean collision time, the DSMC method is employed to give a benchmark solution. Such a calculation, however, is very time-consuming. To reduce the DSMC statistical scatter to a level that is small in comparison with the characteristic velocity u w of 1 m/s, an enormous sample size of 2 × 10 8 is used. It takes about 180 CPU h on a DEC Alpha server 1000A, about 3 × 10 4 times as long as required by the IP method. Figures 13a and 13b compare the IP and DSMC velocity profiles at t = τ c and t = 5τ c , respectively. The collisionless and four-moment, (15) and (19) are also shown as references. A satisfactory agreement is obtained between the IP and DSMC results, though some statistical fluctuation is still seen in the latter. Figure 14 shows the relation of the normalized surface shear stress versus time given by the IP and other methods. The normalization factor is the free molecular solution
FIG. 14. Relation of drag versus time for the Rayleigh flow.
The slip N-S solution obtained using Eqs. (16) and (17) is
The IP results agree quite well with the collisionless solution at t τ c , with the DSMC results at t ∼ τ c , and with the slip N-S solution at t > 5τ c .
CONCLUSIONS
An information preservation technique was proposed to overcome the serious statistical fluctuation inherent in the DSMC method for low-speed rarefied gas flows. This technique was applied to benchmark problems, namely the Couette, Poiseuille, and Rayleigh flows, over the entire Knudsen regime. The characteristic velocities in these flows ranged from 0.01 to 1 m/s, which were much smaller than the thermal velocity of about 340 m/s. Meaningful results were obtained at a sample size of 10 3 -10 4 , in comparison with a sample size of 10 8 or more required for the DSMC method at such a range of flow velocity. This results in a tremendous gain in CPU time. A comparison of the velocity distributions, surface shear stresses, and mass fluxes given by the IP technique with exact solutions at the continuum and free molecular limits, and with numerical solutions of the linearized Boltzmann equation [21, 22] , experimental data [24] , and DSMC results in the transition regime, showed an excellent agreement.
APPENDIX A

Procedure for Computing IP Collision Diameters
Consider a plane Couette flow (Fig. 2) . The plates move oppositely at a speed of 1 m/s. The IP simulated conditions are the same as those in experiments to measure viscosity, i.e., 101, 32 Pa and 273 K [18] . The plate surfaces are assumed to be diffusely reflecting, with the same temperature as the gas. The distance between the plates is 100λ HS , where λ HS is the molecular mean free path under the hard sphere model [18] ,
Here µ is the coefficient of viscosity, ν m = √ 2kT /m, m is the molecular mass, k is the Boltzmann constant, and ρ and T are the gas density and temperature, respectively. The simulation employs 300 uniform cells, with 30 simulated molecules in each cell initially. The time step is 0.3λ HS /ν m .
The simulation starts from an initial flow field with a linear velocity distribution. After 10,000 time steps, it reaches a steady state. Then the code starts to sample. The shear stress acting on each side of a cell is calculated as
where N − and N + denote the numbers of simulated molecules across the side from the negative and positive directions of y, respectively, u is the x component of information velocity, t s is the sampling time, and A is the side area. The coefficient of viscosity results from
where U = U o − U a , y = y o − y a , U o and U a are the macroscopic velocities in the cell and its adjacent cell, and y o and y a are the y coordinates of the cell centers. The coefficient of viscosity is then obtained by averaging over all cells except those in the Knudsen layer close to the surfaces.
For the hard sphere model, the molecular collision diameters are initially set to be
for the variable hard sphere (VHS) model [22] , the reference collision diameters are initially set to be
The calculated coefficient of viscosity decreases as the value of d HS or d ref increases for the same type of gas. The acceptable value needs to satisfy the condition
where µ cal and µ exp are the calculated and measured coefficients of viscosity, respectively.
APPENDIX B Computational Efficiency of the IP Method
Since the IP technique is based on the DSMC method, we need to analyze the DSMC computational efficiency first. The total CPU time used in DSMC calculations may be expressed as
where N step is the total number of time steps,T step is the average CPU time spent each time step,T
N cell is the number of cells, M ave is the average number of particles per cell, andT p is the average CPU time spent per particle. N step has different expressions for steady and unsteady problems, 
where N steady is the number of time steps needed to evolve and reach a steady state from an initial state N sample is the number of sampling time steps, N loop is the number of independent runs for generating ensemble statistics, and N single is the number of time steps in a single run, which is the ratio of the evolution period T E to the time step t. N steady may be written as
where P is the difference of a reference physical quantity P at the initial and steady states and v is the averaged relaxation rate of P before reaching the steady state. Using the ratio of the required sample size N size to the average number of particles per cell M ave to estimate N sample and N loop , we have
T p consists of the following parts: that for selecting a collision partner and calculating the postcollision velocities, internal energies, etc.,T coll ; that for tracing its trajectory and indexing its cell number,T t−i ; and that for sampling its velocity, etc.,T sample . IP and DSMC have the sameT t−i for the algorithms to compute molecular trajectories, and cell indexes are identical to them. They also have the sameT sample , for the number of operations to compute macroscopic physical quantities, such as flow velocity and shear stress from IP velocities, is the same as that from thermal velocities. The IP algorithm, resulting from Eq. (3), results in one more arithmetic mean operation inT coll to compute the postcollision information velocities. Such an increase is small in comparison with the total number of operations to complete a molecular collision. Therefore, the values ofT p in the IP and DSMC methods are close.
The IP technique may greatly reduce the required sample size N for low-speed flows in comparison with the DSMC method; e.g., N size is decreased 10 4 for the Rayleigh flow described in Section 5. Therefore, the DSMC-based IP scheme, as stated by Eq. (B5), is quite helpful in improving the computational efficiency.
